Abstract. Sensitivity analysis is considered to be an important part of evaluating the performance of mathematical or numerical models. One-factor-at-a-time (OAT) and di erential methods are among the most popular Sensitivity Analysis (SA) schemes employed in the literature. Two major limitations of the above methods are lack of addressing the correlation between model factors and being a local method. Given these limitations, its extensive use among modelers raises concern over the credibility of the associated sensitivity analyses. This paper proposes proof for the ine ciency of the aforementioned methods drawn from experimental designs, and provides a novel technique based on Principal Component Analysis (PCA) to address the issue of the correlation between input factors. In addition, proper guidelines are suggested to handle other conditions.
Introduction
Sensitivity Analysis (SA) is the study of how the change in the output of a model can be attributed, qualitatively or quantitatively, to variation of di erent input variables, and of how the given model reacts upon the information passed into it. Based on this description, it is safe to conclude that SA is a necessary ingredient of model building in any setting, either diagnostic or prognostic, and in any discipline where models are called upon for design purposes [1] . Though this is a correct de nition of SA, one may make false conclusion of thinking that SA is a tool speci c for modelers. As a matter of fact, engineers as an end user of the developed models can bene t from it as well. For example, consider an environmental engineer who intends to apply rainfall-runo model for a reallife problem. If this engineer knows which model input parameter has more impact on model output results, a wise decision would be to spend much of the time and capital to de ne carefully the most important parameters to predict the runo , precisely. Similar examples in engineering are easy to nd where SA could be helpful in decision-making.
There are a number of di erent methods of sensitivity analysis with each method having a unique exibility and functionality. As a result, di erent scientists have di erent ideas about categorizing SA methods. Frey and Patil [2] concentrate on methodology, classifying sensitivity analysis into mathematical, statistical, and graphic methods, while Ascough et al. [3] focus on capability, adopting the following classi cations; screening, local, and global SA methods. From a functional standpoint, sensitivity analysis can be divided into local and global SAs or, according to Morgan's de nition, into deterministic and probabilistic [3, 4] .
Local SA concentrates on the local impact of the factors on the model. Local SA is usually carried out by computing partial derivatives of the output function with respect to the input variables. The term local' means that all derivatives are taken at a unique and well-de ned point, known as`baseline value' or nominal value', in the domain of the input factors. One can see local SA as a particular case of one-factorat-a-time (OAT) method, whereby one factor is varied while all others are held constant at their respective nominal values. In contrast, the global sensitivity techniques examine the global response (averaged over the variation of all the parameters) of model output(s) by exploring a nite (or even an in nite) region. Global sensitivity analyses are shown to be more e ective when the predictor variable is in uenced by simultaneous changes in seemingly independent variables. This simultaneous variation would take into account the interaction among factors. Though global SA methods enjoy not having any of the local methods' limitations, they are much more complex and computationally expensive. The di erence between local and global SAs can be best examined in a simple nonlinear example. Let us examine the sensitivity of independent variables of X 1 and X 2 in a nonlinear function, Y = X 2 1 +X 2 . For local SA, the sensitivity index of the two independent variables changes as the SA domain changes. The dependent variable is more sensitive to the variable X 2 in the domain belonging to [0 -1], while for all other values, X 1 is the dominant variable. In global SA, regardless of domain, sensitivity index for X 1 is always greater.
In theory, local sensitivity analyses cannot be used to uncover the robustness of model based on inference unless the model is proven to be linear for the case of rst-order derivatives or, at least, additive for the case of higher and mixed-order derivatives. In other words, derivatives are informative at the nominal point where they are computed, but do not provide any additional information for the rest of the domain of input factors, except when some conditions, such as linearity or additivity, are provided in the mathematical model [5] . When the properties of the models are not known in advance, a global SA is recommended. This is why global SA methods are often called model-free by practitioners.
By reviewing recent literature associated with SA, it can be said that practitioners have acknowledged the importance of SA in approving or refuting a modelbased analysis. Yet, regardless of its limitations, most of the sensitivity analyses were performed using an OAT approach [6] . Speaking of limitations, there are two concerns regarding OAT approach. First, OAT is non-explorative, which means as the number of the factors increases, the exploration feature decreases. As an example in Figure 1 , it can be seen, clearly, that OAT explores only 5 points forming a cross, out of total 9 points [7] . By generalizing this example with a geometrical explanation of the functional domain in ndimensions, the n-cross will unavoidably be inscribed in a hyper-sphere. The problem is that this hyper-sphere represents a small percentage of the total functional domain de ned by the hypercube. This is illustrated in Figure 1 , where the explored cross is inscribed in the circle of center [0, 0] and radius of 0.5. In this 2-dimensional example, the ratio of the partially explored area to the total area is ' = 0:78. The exploratory domain quickly decreases as the number of dimensions increases ( Figure 2) . In 3 dimensions, it is ' = 0:52.
The general formula for the volume of the hypersphere of radius R in n dimensions is [8] :
where is the gamma function. For even n, C n reduces to C n = , where n!! denotes double factorial. For a hyper-sphere with R = 0:5 and n = 13, the ratio is ' = 0:000197. In the literature, this is known as curse of dimensionality or OAT paradox [5, 9] . This limitation has been addressed by several practitioners; Saltelli [10] believes that \A good OAT would be one where after having moved one step in one direction, say along X 1 , one would directly take another step along X 2 and so on, until all factors up to X k are moved of one step each during the rst stage." This type of trajectory is known as`Elementary E ects' (EE) [10] .
Another shortcoming related to OAT is that in the presence of correlation, OAT cannot detect interactions between factors, because this feature is based on the simultaneous movements of more than one factor. If factors move one at a time, the interactions are not triggered and, subsequently, not detected [5] .
So, why modelers still prefer OAT? Arguments which might justify nominating OAT as a favorite candidate are:
(a) The SA is carried out in reference to baseline value, which is usually the most probable occurrence of the model in real world; (b) This method requires much less computational efforts (i.e., CPU time) than any global SA method; (c) Movement of one factor at a time means that whatever e ect is observed on the output is due, exclusively, to that factor [5] ; (d) It never assesses a non-important factor as important. This is also known as type I error [5] ; (e) Since it deals with change of one parameter at a time, the chance of model failure decreases, as opposed to changing all factors. In case of model failure, the approach helps modeler to identify the factor responsible for model crash [5] ; (f) The OAT approach is consistent with the modeler's way of changing one parameter at a time as he/she wants to verify, systematically, the e ect of parameter variation.
To the best of the authors' knowledge, there is no deterministic SA method to address the interaction between factors in a comprehensive way (Morris's method is known to be global [1] ). All of the SA methods, which produce reliable ranking in presence of correlation, are of probabilistic nature. These methods are not favored by end users due to their complexity and high computational cost. There is an ample need to have a simple method with no computational burden, yet powerful enough to address the correlation issue among the input variables involved. This study proposes a methodology based on standard OAT to extend its capability to address one of the limitations, which has long been subjected to extensive criticism.
Beyond the limitations of local SA methods, there are still situations where these methods fail to determine the correct order of importance among variables. Traditional modelers usually fail to notice them and perform perfunctory SA, clearly raising concerns regarding the developed models. This research also tends to address the common mistakes that may occur while performing OAT and di erential SA for linear models. Some guidelines will be suggested so that practitioners avoid these common pitfalls of the discussed SA methods.
Methodology
The most popular SA methods among scientists are di erential and OAT. Both are local SA methods, which explore sensitivity of the model around a narrow region of the feature space. First, methods are brie y explained in the following sections. Later on, the pitfalls of the methods are revealed by performing a series of experiments. Suitable modi cations are introduced so that the practitioners avoid the common mistakes.
The benchmark for all of the experiments is Monte Carlo-based global SA, wherein 1000 samples are generated using random sampling. For examples, with correlated variables, the procedure proposed by Iman and Conover's method [11] is used to generate correlated samples. The SA index is Pearson product moment correlation coe cient (PEAR), which is the usual linear correlation coe cient computed among a pair of variables. For comparison purposes, the SA measures resulted from di erent techniques are normalized.
Standard OAT-SA
There are di erent avors of OAT according to Daniel [12] , OAT methods can be classi ed into ve types: This research focuses on standard OAT, in which the standard condition is usually the average of input factors over their domain. This type of SA only addresses the sensitivity of model output relative to 
Di erential SA
Di erential analysis, also known as the direct method, is based on the behavior of the model while all parameters are set to their mean value. It is based on partial di erentiation of the combined model. When a model is described by an explicit, closed algebraic equation, the sensitivity measure for a speci c independent variable is estimated by partial derivative of the dependent variable with respect to the independent variable [13] . In the following subsections, a few case studies are introduced to highlight the pitfalls associated with traditional methods and, subsequently, a remedial measure is suggested for each approach.
Case 1: Where di erential SA fails
A simple test model [1] shows that partial derivative of the output Y with respect to an input factor X i at a xed point fails to properly address the sensitivity of linear models. This study assumes that X 1 , X 2 , and X 3 (the independent variables) are mutually independent and uniformly distributed in their respective range. The functional relationship between the dependent variable Y and the independent variables is:
where X i U( x i i ;
x i + i ), x i = 3 i 1 , and i = 0:5 x i are uniformly distributed in their range. Taking k = 3, the independent variables, constant coe cients, and their computational domains are computed as follow: 
Now, let us discuss the sensitivity of the dependent variable Y to each independent variable. According to the sensitivity analysis conducted based on the di erential method [14] , all partial derivatives are constant as independent variables are mutually independent:
The sensitivities of the dependent variable to the independent variables are ranked as X 1 , X 2 , and X 3 , and the value of each independent variable has no impact on the sensitivity coe cient, i.e. ranking. Sensitivity analysis for the test case is carried out by two methods based on OAT and Monte Carlo sampling techniques. The results are summarized in Table 1 .
As can be seen, the di erential method fails to rank the factors correctly. Even the simple OAT method is able to capture the ranks correctly. This is due to the fact that the di erential method does not consider the variation of input variables. An available practice to address these misleading results is to normalize the derivatives by standard deviations (reference). For a general linear model of Eq. (2), the sensitivity measure is:
Since for a linear model
gives how much each individual factor contributes to the variance of the output of interest. This turns S X i to be a hybrid local-global measure. After incorporating the suggested modi cation to the test case, the results improve as can be seen in Table 1 . Though, quantitatively, it is not in agreement with the benchmark values, it is now in a correct order.
Case 2: OAT and the range e ect
Due to the local nature of OAT, the range and distribution of factors have no e ect on the results obtained by the method. This will raise concerns when the di erences between ranges of factors are signi cant or 
As it can be seen in Table 2 , OAT method fails to rank the factors properly. This is because the sensitivity measure was determined by variation of input parameters with 20%. This methodology is unable to capture the e ects of the computational domain and distribution of factor. One way to overcome this limitation is to vary the input factors by one standard deviation of their input distribution rather than by 20%. The SA for Eq. (7) is repeated with the mentioned modi cation. Results have been improved. As can be seen, it is quite consistent with the benchmark ranking.
Case 3:
The correlation e ect (multi-collinearity) When a question arises about which component of a linear model has more contribution to the model output, any SA method discussed earlier, depending on its conditions, is applicable. But when the linear independent assumptions are contravened, there will be doubt on the interpretability of regression coecients, which were decisive in earlier methods. Thus, performing SA on a linear model based on an ordinary least square will produce unlikely results. A workaround to the stated problem is to substitute least square with a reliable technique to build the desired linear model so that standardized regression coe cients can be used for SA. The suggested technique is based on component analysis, which converts a set of correlated variables into a set of linearly uncorrelated variables by an orthogonal transformation. The method will be discussed in detail in the following section.
As the rst step, we state our linear model of Eq. (2) as a relationship of y to '. y = 1 ' 1 + 2 ' 2 + 3 ' 3 + ::: + k ' k ; (9) in which ' k are a set of orthogonal variates (principal components) from linear combination of x i s, where k < n; k is the number of principal components; y and 
If the numerical values of the parameter in the parenthesis could be calculated, Eq. (11) expresses a linear relation between y and x i . We have already discussed how to compute m ij . As for i , Eq. (9) is a regression equation with independent variables, k could be computed by ordinary least square. Simultaneous normal equations resulted from OLS are given by: . . .
Multiplying both sides of Eqs. (11) 
Making use of Eqs. (14) and (15), and noting that for standardized variate, P x i y equals their correlation coe cient r x i y , s can be simply computed from the following equations: 
Now that the coe cients of the linear model in Eq. (11) can be calculated, these coe cients can be attributed to their sensitivity ranking. It is worth mentioning that selecting the right number of principal components in Eq. (10), i.e. k, is an important step in this method. Small eigenvalues corresponding to the last few principal components cause high variance in regression coe cient, which, in turn, results in unstable coe cients [15] . Repeating the calculation similar to Eq. (11) by using all of the i s is equivalent to performing OLS (ordinary least square), for which its consequences were mentioned and assessed earlier. There are di erent criteria to choose with regard to which and how many principal components should be retained. We chose a criterion whereby the set of largest k contributors were selected to achieve and meet the following inequality:
Note that i is the eigenvalues and n is total number of eigenvalues.
To justify the robustness of the proposed method, a linear model is t on rainfall-runo data for the White Hollow watershed from years 1935 to 1959 presented in Table 3 [16] . The rainfall data from three consecutive months October, November, and December of each year and the associated December runo are considered. Furthermore, an assumptive weighted cross product of rainfall for the given months is introduced into the model as a strong correlated predictive variable.
The correlation matrix for the predictive variables is as follows: As can be seen, there is a strong positive correlation between variable 4 and others. Three SA methods are preformed: di erential analysis on OLS, the proposed method, and the benchmark. The results are summarized in Table 4 .
As can be seen in Table 4 , di erential analysis fails to capture the interaction between the factors when the model is based on OLS. As a result, sensitivity measure is not consistent with the benchmark ranking. On the other hand, the proposed method demonstrates promising results, which are in good agreement with benchmark results. The main feature of this method that may have a great appeal for practitioners is that it can be performed systematically with much low computational burden compared to Monte Calro-based simulation methods.
Conclusion
Complex SA methods probably redound to more accurate conclusions, but their complexity discourages the modelers from implementing them; so, they are lured to use less credible methods such as OAT and di erential analysis. The limitations of these methods have been clearly pointed out in the literature. First, being a local method, meaning that the sensitivity of the model output is analyzed only at a single point and second, lack of ability to address the interaction among input factors.
A novel global SA method has been presented in this paper to deal with the interaction limitation. The interaction among the correlated data is captured in a linear model by taking advantage of principal components. The method can be implemented systematically with low computational cost. An example shows that the proposed method succeeds where common methods fail to justify the proper ranking. Besides these limitations, there are few other situations, where if not paid enough attention, common SA methods result in false analysis. This paper designed a number of experiments to demonstrate the ine ciency of these methods.
In Case 1, when distribution of predictor variables is not taken into account, di erential SA method fails to rank the factors correctly. The proper adjustment has been advised to overcome this concern.
Case 2 was designed to demonstrate the ineciency of OAT method in common practice, especially when the predictor variables have high proportions of variance.
Case 3 was designed to demonstrate the ability of the proposed method to handle the correlation between predictor variables in a linear model, where the reviewed methods failed to capture. Although it is proposed for linear models, its implementation for nonlinear cases should not be ruled out. Research is underway to address this issue in subsequent publications.
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